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Warmup 1: All-Zero Testing

A function §:F">F is Au-2zro i ¥xeF f)=o.

-Ftﬂ:‘“-)ﬂ:
QuesTion: is there o O()-query test V st ¥ F - [F
- ComreeTeness: if { is Au-Zero then BLVE=)=) ’R 2
. Sounovess: if £ is not AL-Zero then B [VF=i)sl, Ve

Answer: No, ( If §is #o at o single location  how can a 00-query V detect this?)

RELAxED QuesTion: is there o. O(1)-query test V st ¥f: F'-FF
. CompreTeness: if { is Au-Zero then ARACTEY
+ Sounpvess: if £ is far from AL-Zero then B[V¥=1)g A

We use (relofive) Hamm'mg distance: A(%g):xgg.\u(x)#a(x}] and A(wc,g)i’-‘a"gg A(ﬂg).
ANSWER : Yesg | Vf =z sample random xeF" and check that f(x)=0
« if §is Au-2zro then Br [V£=I]=§r[¥(x)=°]='

- if AL Au-2ero) 36 then Br[Viail- \—B—[vﬁ 0]=1 —.Er [Fx)#0]= 1 —A(f AL-2ero) < 1-6.



Warmup 2: Constant Testing

Define the se} ConsT 5={F:ﬁ:'\‘>ﬂ: - JceF st Y¥xeF P(X)=C} (constant functions) .

We cannof expect fo distinquish (with small errer) $e€ CONST vs £ consT

b)’ qveryins g at {Zew locations. LFSF

What abeut distinguishing {e ConsT v A(f, const)z § 7 )

\/ — 0/|

Vi = Sample random xeF" oand check that f(x)=£(0").

» I¢ fe ConsT then cef st ¥xeF" fx)=c
So E\—[ VF=\]=Er[)C(X)=F(0")]= ]?(r[C=C-]= | .

¢ I8 A(f, CONST)2 8 then B[VE1] < 1-B[Vi=0]
=1- gr[ﬁ(x)#(o")]
£ | = min B—[F(X)’F CJ
cefF X
= | -A(f/Cowsr)s I-d.



Proximity Testing

Both warmups  are examp\es of problems in PROPEKTY TesTinG .

{
A PRoPERTY IS @ set O‘c -FUI\C""IOnS F:{F:D—)Z}.
def: V is a test fov the property F With proximity error & if ()
. ComreeTeness: ¥ feF  B[vf== \/ [=o/

. Sounonvess: ¥ §elon] V1 with AEF)>8 B[VFailscs(s)

The distance A is usvally (relative) Hamm\ns distance.
Sometimes A is £p distance (2.3. when Z=[011) or other metrics.

INTRODUCTION 7O
MAiN GoAL: minimize the query complexity q of the test V P.?g;ﬁngy
In warmup 1: F={Aw-2ero} ,€(8)=1-8 , g=1 “@
In warmup. 2 : F:CONST/ 5(6)=|_Sl 9=2 fi;i"i/// -.-'"'

| g
See. Goldreich's book for an introduction to property testing. — ‘.M‘ls

Today we are interested in i‘esﬁha an algebraic property:
LINEAR\TY TESTING




Linear Functions
A function §:FSF is linear if 3ceF” st Hx)= T Gixi.

ALL ALL={ L F-F] ALl = IR

@ LN = { [:F>F is linenr} ILiN| = [F|"

The set LIN is Known as the HApAmarD Cope,
LiN 1S o lipear ervor-correcting code (since LIN is on [F-linear spoce ).

A mesgagz me ﬂ:n IS MaPped to ‘HTQ. COClUL)O\’d C:= (<sz>)aeﬂ:".

n ALL

Parameters of the code:  message length = n F
block length = |FI G-.g
|

relative distance = I-1
(V’ distinct ¥,<3e(,'w xg}n[f(x)zﬂ(x)]s _'_)

|F)

E:F-F

We CANNOT disﬁnso’\sh (with smoll error)  felin vs f¢ Lin

by querying § at few locations.
If feLin differs in 1 location from fe LiN,
no. 0(1)- query test V detects that feLiv with constont Soundness error,

{/

V

—0/1




Linearity Testing

. . vp . A\
GoaL: decide between “feLin” and “f is far from Lin',

ﬁf_’- V is @ LiveARITY TEST (for thefidd F) With PI’OX'\mi‘\’y error € '\(‘

. COMPLETENESS V {:e L‘N ..E\" [VF=|]=‘ (relative) Homming disYonce ’R 2
. Sounonvess: ¥ §elon] VI with AlfLIN) 20 B [VF=|]\<S(8) \/ |=oh
EXAMPLE * VF:’F"-’H: = SamPIe random erF" and query ¥ at X,e,..6eh,

n+| oluqr'\es

Check that f(x) = =5, flei)-x; .
v if felin then AceF" st f(x)=Z1 ax
so Be[VFei)= B[f00=Znfledx]= Pr[ Zhioxi= Zh cxi]=1,
it AR LINZS then
B [via] = 1- Br[vfeo] - \—-_Er[{:(x)#Z‘:‘{f(e{)xo,] < |- ;;i"?w Br [f60#900] = 1 - A4 Lin) <1-6.

fRoBLEM: query complexity is LARGE

querieS to defermine

In foct everything we did so far is TRIVIAL:  queries= {aven function Fe F J Y {1 random que.ry}

- - ho  queries for ALL-Zerd
&Z IS 'H)Q.\'Q (6 HO‘\-'\'\'-\ViO\\ (Qq consi'am'l' qUQ\')’) |in€Q\’ﬁ'y +Q§'\'? \ . hi :ve\-y Lor CoLI\tST )

+ - h - queries for Linv



The Blum-Luby—-Rubinfeld Test

The idea is to leveroge DuaLiTy : Peliv &> ¥xyeF" f()+f(y)=flx+y) /‘
The BLR test for linearity: IF™ local Com y 8—o x4y
F™>F
V‘j_K = |. Sample x,yefF" randomness: 2n field elements

7/:\.,(7 2. Check that £(x)+£(y)=F(x+y) queries: 3 locations of §

Comple’remsst i@ feliN  then Vx,yeh:“ foo+£(y) = $(xty)  so Pr[\/ik:l]zl

Soundness:  non-trivial . (An example of o Local-To-Gropal Puenvomenon.)

theorem- _B.[\/B{ik-zo] 2min{'/6/-'z-.A(£,LiN)}

Eqv'\va\en‘\'\y :
Br[Verg =1) ¢ max{ %, 1- LA, 1)}

Intuition:
i [ is linear then each ye F° “otes for the same valve of x: VyefF'} flx+y)-£(y) = Pix)

+ if £ is not linear Hhen we can still consider, for every x, the most popular valve:

V= {lxty)-f(y) H

|it ti F-F ) :=Qr "
the P\vm\ Y. correction. g, IS fdc g c\ea%( I{ ye



: F'>FF
Proof overview Vo "o 1 Sample xy <"

y Ny 2. Chack that £(x) ()= F(x+y)
theorem: Pr [stnz oJ > min {‘/6 , %-A({LW)}

The plurality  correction is

g™ where gt = arg yvﬂgél{\derr"lvaf(xw)-pcy)}'

o fart | f\-[st.R =o] 2 -‘5°A(¥, 3@) fm— Lrom PluraIH'y correction = mony bad +rian3|es
o Part 2: Er[VB‘cLR=°]<% = g€ Liv  few baod +rian3|es - plurality correction is linear
Conclusion:

- TP Pr[Veg=0] 2% then we are done.
- I_(} E"-_VBGI‘.K":O] <Y, then (b Port2) % is linear and (by lPart|) we Sejr

Pe[ Vee=o ] 2 L-A(4,9) > LA, LN). n



Analysis of BLR Test - Part 1

The plurality correction of £ is acb() = Qrg mox H\deﬂ:"' V=F(x+y)-{1()')}, .

velF
If 9 s far from £ then Vsik Fejects  with high probability -

_ t
- ¢ Bt A(F, g)=0 # Pr[Vsig=0]=o,
C,lQ_lm. -E"[ VBLR - O] 2 'lz’ A('F, ﬂ{:) . Exercise: find o counterexample.

proof: Define $:={xef" | E;.\[ fx) #Q(xw)-?(y)]z-'i} .

For every x¢gS$ [{(x) Qoery) =0y) ] > 5 Comore Hhan half of v's vote for f)), so f(x)= 9p (X).

/),(_

Hence A 1(‘ 9 ) < llsll“ (¥x if 1C(v<)¢3(><) then xeS).

lx’r[xeS]'B—[VfLﬁOlXéS] + E\'[X¢S]’B’[VB€R=°,X¢S]
S
> - min {8 L460# fxay)-fl} + o

S| .
r 2 7 Bhe

So J?r[VBLk =°]

\V}

\)

1
2" H




Analysis of BLR Test - Collision Lemma

We show that few bod triongles imply moany votes for the plurality correction.

daim: W xeF" yg}}“[ gQ(X)=F(x+y)-¥(y)] > | —2-fr[V3FLR=0].

roof: B [ 9:00) = $xcy)-$0y) ] = max yg_;,,[v%?(xw)-;(y)]

spenmctrh s 2 5 B [veflxty)=§(y)]" = e ,E',;n[V=F(""V)‘F(7)]£‘,’Fn[V=F("**)‘F(*)]

veF relf

independence. = 2 FPr [v:F(x+y)-¥(y) A v=F(x+2)-f(2)] = y'zfl(:fn[mc(x’ry)-{?(y)=1°(x+z)-¥(z)]

VER v,z €f"

2 |- 2-P[Vig=0].
We now Qnalyze the CoLLision PrORARILITY
Note that f(x+y)-£y)# f(xt2)-£(2) & f(x+y)+f(2)# f(x+2)+L(y)
= Llx+y)+£@)#{(x4y+2) or f(x+2)+£(y) # [(x4y+2),
Hence %H(xw)-F(y) # {(x+a)—{3(z)]

< y’I;l—[{-'(x+y)+{3(z) # ¥(x+y+z)] +£|—[§(x+z)+¥(y) # {(x+y+z)]

< 2'Pl’[\/5{:uz=0] ( becavse (x+y,2) and (x+z,y) are random in F'xF"). ||
10



Analysis of BLR Test - Part 2

cloim if B[ Ve =] <7 then geelin

proof: Fix x,yeﬂ’". We show that gg(x)+3¥(y)= 3$(x+y),

i 3 Cpran] o 2
. .g-_cjg(x)-,f(xﬁ) f(2)] 2 l—zoB-[vaK=o] > 5

° B—i 9e (y)=F(z)—{3(z-y)] = _E-[ 9e (\/)=F(y+z)—{3(é)] 2 l—z-J?r[vaKw] > %

2

rename 2-y to 2 eollision

lem

o Blgiluy)= fla)-fan] = Bl Flxryre)-$@)] 2 1-2- B [Why=0] > 2

rename. 2-y o 2

Hence 3 2*efF" s.t. 1(c:}c(x) = f(x+2) - §(2¥) }
94ly) = 4@ - f(z*-y)

| Qixry) = £x+2) -f(Z-y) )

We conclvde that 3¢(X)+9‘€(y)= f(x+2¥)- F(2%-y) = g (x+y). |

11



Local Correction of Linear Functions [1/2]

Suppose  that £ "> F is €-close Yo linear: Ffeliv sk A(fF)se.
f:F-TF ﬁ’ F-

GoaL: qiven xeF" and oracle access to £, ouvtput Fix).
SovrvTion: Ievemge the fact that ¥yeF" F(x)= Flxsy)- £(y),
A{:(X): Sample ye F” and outpit f(x+y)-fly).

claim: B[ Af(x) £ [(x)] & 2.6

proof: Since y is random in F", we know that:
- Bt #fn]<e
- i;r[{:(x*ry)#f(xw)]s&
We conclude that ‘g"[ f(x+y)-(:(y)#-(f(><)]=.§|—[ ﬁ(x’ry)-\?(y)#f(xw)-f(y)]
< ];\—[ Lly) # £(y) v ?(X’ry)#?(xw)] <2€. H

12



Local Correction of Linear Functions [2/2]

We can redvce error via REPETITION : most Lrequert valoe in the. seb

A‘C(X,l:): Sample y\,...,ybeﬂ:" and output Pl?:%l%+y{{:(x+yi)-{(yi)}-

dlaim: if Terin and ABFeect then B[ AT(x,E)# 0 ]< 2:€ "ol )

Broo§: By a CowcentraTion arﬂumen+.
Recall (one vession of) the Chernoff Bound:

let (Zdier; be independent vandom variables in [o,!].

Define Z==—'t__-i?-;e121 . Then ¥¥2o0 fr[lZ-E[z]lzx]sz-e_%
Define  2j:=”f(xty)-£i)# ()" Note that E[2l<2e<4.
Il P'lel’fy{ fixty)-f(n)} # T(X) then Zipq2i2 b, .

R i

Hence PLA(E# T ]« B[ Si2izty]= B[22} ]
=fk 2 - E[Z] z Y- E[Z]
< B lZ E[Z2]|7 Va- [Z] <2 e -[[z]) 2.0 %('/2’25).1 H
ChernO(:(: Bound

E(2l¢ %

13



Homomorphism Testing

The analysis we saw is the ComeinAToRIAL Awawysis  of the BLR test

It extends  essentially with no changes, to achieve HomomorpHisM TeSTING,

Let G,H be qrovps. The set of group homomorphisms from G to H s

Exounp\e‘.

Hom(GH) = { £:GH] ¥xyeG F60t50=F0ckn) }. fo (P 4) (F4)) = Lin

The BLR fest extends natorally : é;’:ﬁ%f";@ii‘&m
N [Goldreich 2016 ]
{{: G-H
Viarr = |, Sample x,yeq.

2. Check that F(x)4,£(y)=F(xxy)

pl=-
1

A\ H
\ 3

| T Y distance
L

bR

1

Compldemss: if L& Hom(G H) then ]Zr[\/‘c =\]=l

BLR

L
4

Soundness -P"'[\/BLR:O] 277\37\{'? /LZA(]('/ HOM(G,H))} « +odqy's analysis

The lower bound can be somewhat ’\mp\-ove.d (see diagmm).

Open: determine the function €:[0,11—=[01] st E\—L—VBiR:o]= e(A(f,Hom(G H))) |

14



Improved Analysis for Finite Fields [1/4]

A different analysis, for linear functions over Finite fields

theorem: v%:ﬂ-’"—»ﬁ: [\/BLR‘ ] A(‘C/LW)

\

Vek = |, Sample X,)’éﬁ:n and abe fF\io}
2. Check that a f(x)+b£(y) = §(ax+by),

lower bound on
reyection probability

1 T

&&— MAw ToorL: Fourier &nalysis

) oved for F=T

1. prove )

2 . ‘/ 4s

| s

% | _: \ 1 The gray curves carry over from
: 3
\ - distance the generic analyses for homomorphism testing
L L 1
4 2

(inclvdins Today's min{%,L-6} curve),

, achieves an improved bound .

15



Improved Analysis for Finite Fields [2/4]

. F>F
. SQMP‘Q X,)'eﬁ:n and abe [F\o}

2. Check that o f(x)+b5£(y) = §(ax+by).

We ouHine the proo{: opproach.

Let q= p® be the prime-power size of F.
field trace mop —l.?:ﬂzq"’ﬂ:P
Tr(x):= 2o, XP. mod
For «effy, the character fonction X : =€ is Ny(x):= &;l‘r(«)o). ; er

S~ o-#h rootof onity wpr= €T
(I‘(" c,:P 'HaQn Tl—(X)=x SO ’Xd Sihr\Pli-FiQS "'D ;(,((X)=(u|§°"x>,) P Foot of © y Wp=¢€

The set {?(.J,(J; is an orthonormol bosis for the functions {3:“2"—7 c}
with the inner product <g,h>:= Efn[ﬁ(x)m-‘)(hmm,:lex conjugate
x<

Hence, every q: Fq— € can be writhen uniquely as q(x)= 3 §(°<) X (x)

A 0(6“;‘“
where {s(d)}o(eﬂ:q“ 1= {<3,7(«>},(€,f; are g's Fouriar coefficients

> 3«3 = = [§ef*

n
o(qu" o(&lE‘

¢ Plancherel’s identity: <q,h>= Zj(«)ﬁT«)

oceu-:,

Useful for derivations: % Parseval’s identity: <q,97=

16



Improved Analysis for Finite Fields [3/4]

The Fourier set of {::H:q"—?ﬂ:(i is $¢F)={o.: H:qn""fl: , Qe (x)= wf:l’.—(c-¥(x))}

C efﬁ* o
Note that |®(f)|= 9-1.

ExampLe: Tf frﬂ?—’ﬂ:q is the linear function £(x)=<e,x> then &) ={%. .}
Note that ’)?“(Co()-'-l and ¥ Be fﬁlh\{c.t}/ Q«(F)=o, ®

ceﬂ-'.,,*'

The distance between tTwo functions canbe expressed in ferms of their Fourier sets:
lemma. Vfa ﬂ:c, —>|F? with fourier sets {% " and {b’}ce,,-x

Alt,9) = B.[fw#9a] = 1-§-(1+ S <o. %) .

Let ¥:ﬂ'}"-’ﬂ:§ with Fourier set {‘Pc}ceﬂr,,".

Plancherel’s identity 8 @ :

The distance fo linear funchions is <q>c,x<,1>=z LT~ Blex)
A Lin) = I’A‘E," {l-_j,..(|+ca',<q>c,’x“>)}= |-‘?(|+:('\:;,, 2 <P, Xew? )= 1-5(1+ :z\:ﬂ’; Z.f(c) |

& Bclex) §y(dw)
Then more analysis yields the desired bound: S

=q" &; . (%) @y(-cd’x)
.EI'[VBfR =|] =T: -:T( | + (- l)" o(eZIF (Cezﬂ-' QC(CK)) ) -;;—( | + max Z ‘PC(C ) > ( Z QC(CK)) ) sq-"x%;l?‘(xwd(—cd )|

°(€|F ceffy (1 )zo(eﬂ:q cefy S e

>=<det,y>

h
t of the work ' ¥
st of e ver g.;‘i_(|+max Z 8lex) 1) = 1-ALIN) (5. )
Le IF 0 = %% (d}:_;ﬁc(cx)ﬁd(d«))
€T T 1=
ceffy defy

17



Improved Analysis for Finite Fields [4/4]

The special case =2 Corresponds to linearity +es+in3 for boolean functions §: ', .
The analysis of the BLR test simplifies to an elegant and concise computation,

now via Fourier analysis of boolean functions .

Theorem 1.30. Suppose the BLR Test accepis [ : I} — Iy with probability
1=¢. Then f 1s e-close to being linear.

Proof. In order to use the Fourier transform we encode /s output by £1€ IR;
thus the acceptance condition of the BLR Tezt becomes f{x)f(y) = f(x + ¥).

Since
1 if flx)fly)=7F(x+n),

1 | 5713 =
2 Vol @1 y) 0 il f@f(¥)#(x1y),

we conclude
1-¢=PriBLR accepts f]= E [+ §Fx)f (9)f (x+ )]
[/ (=) E[f(y)f (=t 3]
; L) (f % )x)) (by definition)
+3 ¥ ASFF®) (Plancherel)

S5<ln]

=1+1 ¥ f18? (Theorem 1.27).
Swln]

We rearrange this aquality and then continue:

1-2= ¥ Fi8)

C’n—lr
_maz.lf(S)} ¥ (8
S<in)
= maxlf FiS)) (Parseval).

Scln]

E
x
E
x

¥

Analysis of

Boolean Functions

RYAN O'DONNELI

But f(S)={f, x5) = 1- 2dist{f,xs) (Proposition 1.9). Hence there exists some
8" = [n] such that 1-2¢ = 1-2dist(f, yg-); 1.e., f i3 e-close to the linear function

.y - Source: Analysis of Boolean Functions

Ryan O'Donnell , 2014
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